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Abstract 



It has been proved by Bertoin and Caballero [8] that a 1/a-increasing self-similar 

Markov process X is such that t~^''^X{t) converges weakly, as t ^ oo, to a degenerated 

q/ ' r.v. whenever the subordinator associated to it via Lamperti's transformation has infinite 

P_( ■ mean. Here we prove that log(X(i)/t^/")/ log(t) converges in law to a non-degenerated r.v. 

(-^ I if and only if the associated subordinator has Laplace exponent that varies regularly at 0. 

"jrt I Moreover, we show that liminfi^oo log(^(t))/log(i) = 1/a, a.s. and provide an integral 

test for the upper functions of {log{X{t)),t > 0}. Furthermore, results concerning the 

rate of growth of the random clock appearing in Lamperti's transformation are obtained. 

In particular, these allow us to establish estimates for the left tail of some exponential 

^ ' functionals of subordinators. Finally, some of the implications of these results in the 

■^ . theory of self-similar fragmentations are discussed. 



Keywords: Dynkin-Lamperti Theorem, Lamperti's transformation, law of iterated logarithm, 
subordinators, weak limit theorem. 



1 Introduction 

Let X = {X{t),t > 0} be a positive self-similar Markov process with cadlag and increasing 
paths, viz. X is a ]0, oo[ valued strong Markov process that fulfills the scaling property: there 
exists an a > such that for every c > 

{{cX{tc-''),t> 0},P,) "-^ i{X{t),t> 0},P,,) , X e]0,oo[, 

where JPy denotes the law of the process X with starting point y > 0. We will say that X is 
an increasing 1/a-pssMp. Examples of this class of processes are: stable subordinators; in the 
theory of extremes, the extremal process with Q-function given by ax~'', for x > and oo in 
other case, for some indices a,b > (for a more precise description of the latter example see 
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[20] Section 5); in the theory of self-similar fragmentations, the reciprocal of the process of a 
tagged fragment, see Section 3.3. 

It is well known that by means of a transformation due to Lamperti [19] any increasing 
positive self-similar Markov processes can be transformed into a subordinator and vice-versa. 
By a subordinator we mean a cadlag real valued process with independent and stationary 
increments, that is, a Levy process with increasing paths. To be more precise about Lamperti's 
transformation, given an increasing l/a-pssMp X we define a new process C, by 

where {7t,t > 0} denotes the inverse of the additive functional 

f X7"ds, t > 0. 

The process ^ = {^t, ^ > 0} defined this way is a subordinator started from 0, and we denote 
by P its law. Reciprocally, given a subordinator ^ and a > 0, the process constructed in the 
following way is an increasing 1/a-pssMp. For x > 0, we denote by P^ the law of the process 

xexp{^^{t/x-)}, t>0, 
where {r(t),t > 0} is the inverse of the additive functional 

Ct := / exp{«es}ds, t > 0. (1) 

Jo 

So for any x > 0, W^, is the law of an 1/a-pssMp started from a; > 0. We will refer to any of 
these transformations as Lamperti's transformation. 

In a recent work Bertoin and Caballero [8] studied the problem of existence of entrance 
laws at 0+ for increasing pssMp. In that work Bertoin and Caballero established that if 
the subordinator (^, P) associated to {X, P) via Lamperti's transformation has finite mean 
m := E(^i) < oo, then there exists a non-degenerated probability measure Po+ on the space 
of paths that are right continuous and left limited which is the limit in the sense of finite 
dimensional laws of P^ as x ^ + . Using the scaling and Markov properties it is easy to see 
that the latter result is equivalent to the weak convergence of random variables 

rV"x(t) -^^^ z, (2) 

where X is started at 1 and Z is a non-degenerated random variable. The law of Z will be 
denoted by /i, and it is the probability measure defined by 

,(/):=E„,(/Wl))) = ^E(/((i)"°)i). (3) 

for any measurable function / : M^ -^ M^; where / is the exponential functional 

/■oo 

/ := / exp{-a^Jds, 



^0 

associated to the subordinator ^, see [H|. The following result complements that of Bertoin and 
Caballero. 



Proposition 1. Let {X{t),t > 0} be a positive 1/a-self-similar Markov process with increasing 
paths. Assume that the subordinator ^, associated to X via Lamperti's transformation has finite 
mean, m = E(^i) < cxd. Then 



log 

for every function f G -^^(/i)- Furthermore, 

log(X(t)) 



r{t) Jo S t-oo 



-a.s. 



log(t) 



t^oo 



1/a, IPi —a.s. 



In fact, the results of the previous proposition are not new, the first assertion can be obtained 
as a consequence of an ergodic theorem for self-similar processes due to Csaki and Foldes [T6] . 
and the second assertion has been obtained in |6j. However, we provide a proof of these results 
for ease of reference. 

In the work [8| the authors also proved that if the subordinator (^, P) has infinite mean then 
the convergence in law in ([2]) still holds but Z is a degenerated random variable equal to oo 
a.s. The main purpose of this work is study in this setting the rate at which t~^^°'X{t) tends 
to infinity as the time growths. 

Observe that the asymptotic behaviour of (X, P) at large times is closely related to the large 
jumps of it, because it is so for the subordinator (^, P). So, for our ends it will be important to 
have some information about the large jumps of (^, P) or equivalently on those of (X, P). Such 
information will be provided by the following assumption. Let : M^ -^ M^ be the Laplace 
exponent of (^,P), viz. 

0(A) := - log (E(e-^«^)) =d\+ f (1 - e-^^)n(da;), A > 0, 

J]0,oo[ 

where d > and 11 is a measure on ]0, oo[ such that /(I A x)n(dx) < oo, they are called the 
drift term and Levy measure of ^, respectively. We will assume that (p is regularly varying at 
0, i.e. 

Iin,:^ = c^ oo, 

A^O 0(A) 

for some P G [0, 1], which will be called the index of regular variation of 0. In the case where 
/3 = 0, it is said that the function is slowly varying. It is known that is regularly varying at 
with an index /? g]0, 1[ if and only if the right tail of the Levy measure 11 is regularly varying 
with index —f3, viz. 

,. n]cX, 00[ _g ^ ,^, 

lim — ^-- — ^ = c '^, c> 0. (4) 

- nx,oo ' ^ ^ 



+ 00 



Well known examples of subordinators whose Laplace exponent is regularly varying are the 
stable subordinators and the Gamma subordinator. A quite rich but less known class of su- 
bordinators whose Laplace exponent is regularly varying at is that one of tempered stable 
subordinators, see [2T] for background on tempered stable laws. In this case, the drift term is 
equal to 0, and the Levy measure II^ has the form Ils{dx) = x^^^^q{x)dx, x > 0, where 6 g]0, 1[ 



and q : M^ -^ M^ is a completely monotone function such that J^ x~^q{x)dx < cxd. By L'Hopital 
rule's, for Us to be such that that the condition ^ is satisfied it is necessary and sufficient that 
q be regularly varying at infinity with index —A and such that < A + 5 < 1. By the theory 
of completely monotone functions it is known that there exists a measure fi, over [0, oo[ such 
that q can be represented as q{x) = J^ e~^^fi{dy) for x > 0. Owing to Karamata's Tauberian 
Theorem (Theorem 1.7.1 in [11]) it follows that the condition ((41) is equivalent to the regular 
variation at zero of the function x i-^ /i[0, x], x > 0, with index —A for some < A < 1 — 5. 

We have all the elements to state our first main result. 

Theorem 1. Let {X{t),t > 0} be a positive 1/a-self-similar Markov process with increasing 
paths. The following assertions are equivalent: 

(i) The subordinator ^, associated to X via Lamperti's transformation, has Laplace exponent 
(j) : M"*" -^ M^, which is regularly varying at with an index [3 G [0, 1]. 

(a) Under Wi the random variables {log(X(t)/t^/")/log(t), t > l} converge weakly as t ^ oo 
towards a r.v. V. 

(Hi) For any x > 0, under W^ the random variables {log(X(t)/t^/")/log(t), t > l} converge 
weakly as t ^ oo towards a r.v. V. 

In this case, the law of V is determined in terms of the value of (3 as follows: V = a.s. if 
(3 = 1] V = oo, a.s. if (3 = 0, and if (3 g]0, 1[, its law has a density given by 

^——^v '''{2 + av) Mw, v>0. 

n 

We will see in the proof of Theorem [H that under the assumption of regular variation of (p 
at 0, the asymptotic behaviour of X{t) is quite irregular. Namely, it is not of order f^ for any 
a > 0, see Remark O This justifies our choice of smoothing the paths of X by means of the 
logarithm. 

The proof of this Theorem uses among other tools the Dynkin-Lamperti Theorem for sub- 
ordinators, see e.g. f^. Actually, we can find some similarities between the Dynkin-Lamperti 
Theorem and our Theorem 1. For example, the conclusions of the former hold if and only if 
one of the conditions of the latter hold; both theorems describe the asymptotic behaviour of ^ 
at a sequence of stopping times, those appearing in the former are the first passage times above 
a barrier, while in the latter they are given by r(-). It shall be justified in Section [8] that in fact 
both families of stopping times bear similar asymptotic behaviours. 

Besides, the equivalence between (ii) and (iii) in Theorem [T] is a simple consequence of the 
scaling property. Another simple consequence of the scaling property is that: if there exists a 
normalizing function h : M^ — > M^ such that for any x > 0, under W^, the random variables 
{log(X(t)/t-'^/")//i(t), t > O} converge weakly as t ^ oo towards a non- degenerated random 
variable V whose law does not depend on x, then the function h is slowly varying at infinity. 
In view of this, it is natural to ask, in the case where the Laplace exponent is not regularly 
varying at 0, if there exists a function h that growths faster or slower than log(t) and such that 
log(X(t)/t^/")//i(t) converges in law to a non-degenerated random variable? The following 
result answers this question negatively. 



Theorem 2. Assume that the Laplace exponent of ^ is not regularly varying at with a strictly 
positive index and let h : M"*" — > M"*" be a function. If h{t)/\og{t) tends to or cxd, as t ^ cxd, 
and the law oflog{X(t)/t^'"')/h{t), under IPi, converges weakly to a real valued r.v., as t -^ cxd, 
then the limiting random variable is degenerated. 

Now, observe that, in the case where the underlying subordinator has finite mean, Propo- 
sition [U provides some information about the rate of growth of the random clock (T(t),t > 0) 
because it is equal to the additive functional /^ X^^ds, t > 0. Besides, in the case where is 
regularly varying at with an index in [0, 1[ it can be verified that 

t 



, , ^ , Xr'^ds > 0, Pi -a.s. 

log(t) Jo *^°° 

see Remarkdlbelow. Nevertheless, in the latter case we can establish an estimate of the Darling- 
Kac type for the functional /^ X~"ds, t > 0, which provides some insight about the rate of 
growth of the random clock. This is the content of the following result. 

Proposition 2. The following conditions are equivalent: 

(i) (f) is regularly varying at with an index (3 G [0, 1]. 

(a) The law of (f) (1^77^) /q X~°'ds, under Pi, converges in distribution, as t -^ 00, to a r.v. 
a~^W, where W is a r.v. that follows a Mittag-Leffler law of parameter [3 G [0, 1]. 

(Hi) For some (3 G [0, 1], Pi ( [0 (1^7771) /q -^s~°ds j j converges towards a~'^"'n\/r{l + njS), 
for n = 0, 1, . . . , as t ^ 00. 

Before continuing with our exposition about the asymptotic results for log(X) let us make a 
digression to remark that this result has an interesting consequence for a class of r.v. introduced 
by Bertoin and Yor [9] that we next explain. Recently, Bertoin and Yor proved that there exists 
a M"*" valued r.v. i?^ associated to I^ := /Q°°exp{— a^^jds, such that 

Rcf>I(j) = E, where E follows an exponential law of parameter 1. 
The law of i?^ is completely determined by its entire moments, which in turn are given by 

n 

E{R;) = l[<p{ak), forn = l,2,... 
fc=i 

Furthermore, the law of R^ is related to X by the following formula 

Pi (X7°) = E(e-"-^^), s > 0. 
It follows therefrom that 

Pi ( / X7°ds ) = [ ^~^ P{R^ G dx), t > 0. 

\Jo J J[0,oo[ X 

These relations allow us to establish the following corollary. 



Corollary 1. Assume that is regularly varying at with index (3 G [0,1]. The following 
estimates 

E \^{R,>s}^J ~ aPV{l + P)<p{l/\og{l/s)y ^^^'^ < '^ = "" U^r(l + /3)0(l/log(l/3)) 

as s ^ 0, /io/d. If furthermore, the function A/0(A), A > 0, is i/ie Laplace exponent of a 
subordinator then 

( l\ anog{l/s)cP{l/\og{l/s)) p., ^ . f aPs\og{l/s)<P{l/\og{l/s)) 

as s ^ 0. 

It is known, [22] Theorem 2.1, that the Laplace exponent is such that the function A/0(A) is 
the Laplace exponent of a subordinator if and only if the renewal measure of ^ has a decreasing 
density; see also [IB] Theorem 2.1 for a sufficient condition on the Levy measure for this to 
hold. The relevance of the latter estimates relies on the fact that in the literature about the 
subject there are only a few number of subordinators for which estimates for the left tail of I^ 
are known. 

In the following theorem, under the assumption that (i) in Theorem [1] holds, we obtain a 
law of iterated logarithm for {log(X(t)),t > 0} and provide an integral test to determine the 
upper functions for it. 

Theorem 3. Assume that the condition (i) in TheoremUl above holds with (3 g]0, 1[. We have 
the following estimates of\og{X{t)). 

(a) hminf i^^^4^ = V", ^i -as. 
' ^ t-oo log(t) ' 

(b) Let g :]e, oo[— > W^ be the function defined by 

^^*^ ^(t-Mog(log(t)))' *>"' 

with if the right continuous inverse of 0. For any increasing function f with positive 

f(f) 
increase, i.e. < liminf^^oo fM)^ "^^ have that 

limsup-— - — -^- = 0, or = cx), Pi— a.s. (5) 

t^oo /(log(t)) 

according whether 

POO 

0(l//((7(t)))dt<oo, or =oo. (6) 



Remark 1. Observe that in the case where the Laplace exponent varies regularly at with 
index 1, then Theorem [1] implies that 

log(X(t)) Probability , , 

' l/a. 



log(t) 



t— >oo 



A question that remains open is what are NASC for this convergence to hold almost surely? 
Proposition [T] says that the finiteness of the mean of the underlying subordinator is a sufficient 
condition for this to hold. So it should be determined if this condition is also necessary? 

Remark 2. In the case where is slowly varying at 0, Theorem [1] implies that 

log(X(t)) Probability 



log(t) 



-> CX). 



t—>oo 



In the proof of Theorem [2] it will be seen that if h : M^ ^]0, oo[ is a function such that 

\og(t)/h{t) — i> as t — i> oo, then 

log(X(t)) Probability 
h{t) t^oo 

Which is a weak analogue of Theorem [3l 

Remark 3. Observe that the local behaviour of X, when started at a strictly positive point, 
is quite similar to that of the underlying subordinator. This is due to the elementary fact 

^ .1, P,-a.s. 

t t^o+ 

So, for short times the behaviour of C, is not affected by the time change, which is of course 
not the case for large times. Using this fact and known results for subordinators, precisely 
Theorem 3 in [3] Section III. 3, it is straightforward to prove the following Proposition which is 
the analogous in short time of our Theorem [TJ We omit the details of the proof. 

Proposition 3. Let {X{t),t > 0} be a positive 1/a-self-similar Markov process with increasing 
paths. The following conditions are equivalent: 

(i) The subordinator ^, associated to X via Lamperti's transformation, has Laplace exponent 
(j) : M^ -^ M^, which is regularly varying at oo with an index jd g]0, 1[. 

(a) There exists an increasing function h : R^ — > M^ such that under Wi the random variables 
{h{t) log(X(t)),t > 0} converge weakly as t ^ towards a non- degenerated r.v. 

(a) There exists an increasing function h : R^ -^ R^ such that under ]Pi the random variables 
h(t) {X(t) — 1) ,t > converge weakly as t ^ towards a non- degenerated r.v. 

In this case, the limit law is a stable law with parameter (3, and h{t) ~ (p{l/t), as t — > 0, with 
(f the right continuous inverse of (j). 

It is also possible to obtain an analogue of Theorem [3l which is a simple translation for 
pssMp of results such as those appearing in [3] Section III. 4. A study of the short and large 
time behaviour of X under Po+ has been done in [20] and [TS] . 

To finish this section we mention that our Theorem [U has an interesting application to self- 
similar fragmentation processes that we next describe. We first provide a few definitions from 

7 



fragmentation theory, and refer to the recent book |7j for background on it. First, we introduce 
the set 



oo 



5^ = < s = (si)igN : 1 > Si > S2 > ■ ■ ■ > 0, y^Sj = 1 

Let Y = {Y{t),t > 0) denote a random process such that 

Y{t) = (Fi(t), F2(t), . . .) e 5^ Vt > 0, a.s. 

We suppose that Y is continuous in probabihty and Markovian. For every r > 0, we denote by 
Qr the law of Y started from the configuration (r, 0, . . .), and assume that Qo(^i(i) = 0) = 1. 
It is said that F is a self-similar fragmentation process if: 

• There exists a G M, called index of self-similarity, such that for every r > the distribution 
under Qi of the rescaled process (rF(r"t),t > 0) is Q^. 

• For every s = (si, S2, ■ ■ ■) G iS^^, if (F*^*-', i G N) is a sequence of independent processes such 
that F^*^ has the law Q^-, and if Y denotes the decreasing rearrangement of the family 
{Yn (t) : i,n & N), then Y = (F(t),t > 0) is a version of Y started from configuration s. 

It is known that associated to Y there exists a characteristic triple (k, c, u), where k > 0, is the 
killing rate, c > is known as the erosion coefficient and z/ is the so called splitting measure, 
which is a measure over S^ such that 



/ z/(ds)(l — Si) < 00. 



Here we will only consider self-similar fragmentations with self-similarity index a > 0, and 
killing and erosion coefficient k = = c. In [6], Bertoin studied under some assumptions the 
long time behaviour of the process Y via an empirical probability measure carried, at each t, 
by the components of Y(t) 

ptidy) = 5^F,(t)5,v.y,(i)(di/), t > 0. (7) 

To be more precise, he proved that if the function 



Hq):=l^(l-Y^sr'y{ds), q>0, 



is such that m := $'(0+) < cx), then the measure defined in (l7|) converges in probability to a 
deterministic measure, say poo, which is completely determined by its entire moments 



(^-1) 



00 
^ V y a/i$(a) ■ ■■$(a(A; - 1)) 



with the assumption that the latter quantity equals (am) \ when k = 1. Bertoin proved this 
result by cleverly applying the results in [8] and the fact that there exists a 1/a-increasing 
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positive self-similar Markov process, say Z = iZt,t>0], called the process of the tagged 
fragment such that Qr(-^o = ^) = 1, and for any bounded and measurable function / : M"*' — > R"*" 

Qi (Ptf) = Qi f f]r.(t)/(t^/"r.(t)) j = Qi (/ {t'/yz?j) , t > o; 

and that the process Z is an increasing 1/a-pssMp whose underlying subordinator has Laplace 
exponent $. Besides, it can be viewed, using the method of proof of Bertoin, that if $'(0+) = oo, 
then the measure pt converges in probability to the law of a r.v. degenerated at 0. This suggest 
that in the latter case, to obtain further information about the repartition of the components of 
Y{t) it would be convenient to study a different form of the empirical measure of Y. A suitable 
form of the empirical measure is given by the random probability measure 

oo 

pMv) = Y^ Yi{t)6^iogiUt))/iogit)}{dy), t > 0. 
1=1 

The arguments provided by Bertoin are quite general and can be easily modified to prove the 
following consequence of Theorem [H we omit the details of the proof. 

Corollary 2. Let Y be a self-similar fragmentation with self-similarity index a > and charac- 
teristics (0, 0, u). Assume that the function $ is regularly varying at with an index (3 G [0, 1]. 
Then, as t -^ oo, the random probability measure pt{<iy) converges in probability towards the 
law of —a^^ — V, where V is as in TheoremUi 

This result extend to the case with infinite mean some results in Brennan and Durrett 
in [121 [13] ■ This will be made precise in Section [7l where we will provide necessary conditions 
on the splitting measure for the function $ to satisfy the hypotheses in Corollary [2l 

The rest of this note is devoted to prove the results stated before. The document is organized 
so that each subsequent Section contains a proof. The last section of this work is constituted 
of a comparison of the results here obtained and those known that describe the behaviour of 
the underlying subordinator. 

2 Proof of Proposition [1] 

Assume that the mean of ^ is finite, m := E(^i) < oo. According to the result of Bertoin and 
Caballero there exists a measure Po+ on the space of cadlag paths defined over ]0, oo[ that 
takes only positive values, under which the canonical process is a strong Markov process with 
the same semigroup as X and its entrance law can be described by means of the exponential 
functional / = f^ exp{—aC,s}ds, by the formula 

IE0+ (/(X(t))) = ^ E (^/ [{t/lf-) j^ t > 0, 

for any measurable function / : M^ -^ M"*" . A straightforward consequence of the scaling 
property is that the process of the Ornstein-Uhlenbeck type U defined by 

Ut = e-*/°X(e*), t G M, 



under IE0+ is a strictly stationary process. This process has been studied by Carmona, Petit 
and Yor [H] and by Rivero in |20]. Therein, is proved that f/ is a positive recurrent and strong 
Markov process. Observe that the law of Uq under IE0+, is given by the probability measure /i 
defined in (I3l). By the ergodic theorem we have that 

^ ^ f{Us)ds- .lEo+(/(f/o))=/i(/), IPo+-a.s. 



t Jq t-+00 

for every function / G L^{lj)- Observe that a change of variables m = e* in the latter equation 
allows to deduce that 

-— - / f{u-'/'^X{u))— = -— / fiU,)ds -^ IE0+ (/(f/o)) , Po+ -a.s. 

log(t) Ji U log(t) Jo t^oo 

Now to prove the second assertion of Proposition [T] we use the well known fact that 

lim — = m, P —a.s. 

t^oo t 

So, to prove the result it will be sufficient to establish that 

r(t)/log(t) >l/ma, P -a.s. (8) 

t^oo 



Because in that case 

log(X(t)) ^rit) r(t) 



m/am, P —a.s. 



log(t) r(t)log(t) i-- 

Now, a simple consequence of Lamperti's transformation is that 

r{t)= rX7"ds= r(s-V"X(s))-"^, t>0. 

Jo Jo "5 

So, the result just proved applied to the function /(x) = x~°, x > 0, leads 

log(l + t) Ji ^ U t-*oo 

Denote by TC the set were the latter convergence holds. By the Markov property it is clear that 

So for Po+^almost every x > 0, 

P^ (^ ^ r («-V-x(w))"° — > l/arn] = 1. 

For such an x, it is a consequence of the scaling property that 



log(l + 1) 



/ (m-i/"xX(mx-"))^°— >l/am, Pi -a.s. 

Jo ' U t^oo 



Therefore, by making a change of variables s = ux " and using the fact that i^u) — - — > 1, 
as t — > 00, we prove that (JH) holds. Which in view of the previous comments finish the proof 
of the second assertion in Proposition [H 

10 



Remark 4. In the case where the mean is infinite, E(,^i) = oo, we can still construct a measure 
A^ with all but one of the properties of Po+; the missing property is that N is not a probability 
measure, it is in fact a a-finite, infinite measure. The measure N is constructed following the 
methods used by Fitzsimmons [I7], the details of this construction are beyond the scope of this 
note so we omit them. Thus, using results from the infinite ergodic theory (see e.g. [T] Section 
2.2) it can be verified that 



[' fis-'/'-Xis))- .0, Pi-a.s. 

Jo S t-^oo 



log(t) Jo 
for every function / such that A^(|/(X(1))|) = /i|/| < oo; in particular for f{x) = x~", x > 0. 

3 Proof of Theorem [1] 

The proof of Theorem [1] follows the method of proof in ^. So, here we will first explain how 
the auxiliary Lemmas and Corollaries in [;8j can be extended in our setting and then we will 
apply those facts to prove the claimed results. 

We start by introducing some notation. We define the processes of the age and rest of life 
associated to the subordinator ^, 

{A,Rt) = {t-^m_),^Lit)-t), t>0, 

where L(t) = inf{s > : ^s > t}- The methods used by Bertoin and Caballero are based 
on the fact that if the mean E(^i) < cxd then the random variables {At, Rt) converge weakly 
to a non-degenerated random variable (A, R) as the time tends to infinity. In our setting, 
E(,^i) = cxD, the random variables {At,Rt) converge weakly towards (0, cxd). Nevertheless, if 
the Laplace exponent is regularly varying at then {At/t, Rt/t) converge weakly towards a 
non-degenerated random variable (f/, O) (see e.g. Theorem 3.2 in |1| or Lemma [2] below, for a 
precise statement). This fact, known as the Dynkin-Lamperti theorem, is the clue to solve our 
problem. 

The following results can be proved with little effort following Bertoin and Caballero. For 
6 > 0, let Tfc be the first entry time into ]6, cx)[ for X, viz. T^ = inf{s > : X{s) > b}. 

Lemma 1. Fix < x < b. The distribution of the pair (Tfc,X(T;,)) under W^ is the same as 
that of 

' rLilogib/x)) \ 

b"' exp{-aAiog(b/x)} / exp{-a^s}ds,bexp{Riog{b/x)} j • 

This result was obtained in [8] as Corollary 5 and still is true under our assumptions because 
its proof holds without any hypothesis on the mean of the underlying subordinator. Now, 
using the latter result, the arguments in the proof of Lemma 6 in [8] and the Dynkin-Lamperti 
Theorem for subordinators we obtain the following result. 
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Lemma 2. Assume that the Laplace exponent of the subordinator C, is regularly varying at 
infinity with indi 
functions. Then 



infinity with index [3 G [0, 1]. Let F : D[o,s] — *■ I^ and G : M_^ — > R 6e measurable and bounded 



limE (^F {^r,r < s)G (^^,^)) = E (F(e.,r < .)) E (G (t/, O)) , (9) 

Where {U, O) is a [0, 1] x [0, oo] valued random variable whose law is determined as follows: if 
P = (resp. P = 1), it is the Dirac mass at (1, oo) (resp. at (0,0)). For P €]0, 1[, it is the 
distribution with density 

pJu, w) = ^^^^^^ (1 - uf-\u + w)-^-^, 0<u<l,w>0. 

Finally, using arguments similar to those provided in the proof of Corollary 7 in [8] we 
deduce from the latter and former results the following Lemma. 

Lemma 3. Assume that the Laplace exponent of the subordinator ^ is regularly varying at 
infinity with index P G [0, 1]. Then as t tends to oo the triplet 



[I -p{-<.}d.,^,^j 



converges in distribution towards 

i / exp{-a^s}ds,U,0 

Where ^ is independent of the pair (f/, O) which has the law specified in the Lemma\^ 

We have the necessary tools to prove Theorem [H 

Proof of Theorem\^ Let c > — 1, and h{x) = e'^'°s(^/^), for < z < 1. In the case where /? = 1 
we will furthermore assume that c 7^ owing that in this setting is a point of discontinuity 
for the distribution of U. The elementary relations 

log(6(x)/a;) = (c+l)log(l/x), log (6(2;)/a;^) = (c + 2) log(l/x), < x < 1, 

will be useful. The following equality in law follows from Lemma [U 

log {Tb{x)/x) log {X {Tb(x)/x)) \ Law 



log(l/x) ' log(l/ 



x] 



l alog{b{x)/x)-aA,^,^bixyx^)+log^j, exp{-<Jd.J iog^b{x)/x) + R,^,^,^xyx^) 

log (1/x) ' log (1/x) 

V / 

(10) 
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for all < a; < 1. Moreover, observe that the r.v. J^ exp{—a^s}ds converges almost surely 
to /g°°exp{— ^s}ds, as r — * oo; and that for any t > fixed, 

IPi i^-^^^^^p^ > c) = Pi {xX{tx-n > b{x)) , < a: < 1, 
IPi(Tb(.)/. < tx"') < Pi(xX(tx-") > b{x)) 

Thus, under the assumption of regular variation at of 0, the equality in law in (ITOll combined 
with the result in Lemma [3] lead to the weak convergence 

log(7^ log (X (n,,,/,)) A ^D^ (^. 1^ ^ , _ (^ ^ ,)t,j . c + 1 + (c + 2)0) , (12) 

log(l/x) log(l/x) / x^0+ 

As a consequence we get 

"■ "■ " \ log(l/x) log(l/x) / x-^Q+ \c + 2 

for c > — 1. Which in view of the first two inequalities in (ITTll shows that for any t > fixed 



/ log(xA-(tx-°)) \ .pf^^c 

V log(l/x) J x^Q+ \c + 2 

for c > — 1, and we have so proved that (i) implies (ii). 
Next, we prove that (ii) implies (i). If (ii) holds then 

\ iog(i/x) y x-^ 0+ 

for every c > — 1 point of continuity of the distribution of V. Using this and the second and 
third inequalities in f ITTI ) we obtain that 

' log(l/x) log(l/x) / x^Q+ 



Owing to the equality in law (ITOl ) we have that 

P (c < 1/) 

/ , /,/ N/ \ A , / r^(log(^{^)A-^)) f ^^^\ \ 

' alog(6(x)/x) -av4iog(fe(^)/^2) + log I Jo ' '^ exp{-a4jds 1 ^^ * 

log(l/x) log(l/x) 

V J 



lim P 



1- -r./^ / , 1N "(C + 2)Aiog(b(x)/x2) 

hm P a c + 1 — ,, , , \'' < a 

x-^o+ \^ log(6(x)/x2) 

lim P ^ ^ > 



2— >00 



z c + 2 

(13) 
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So we can ensure that if (ii) holds then A^jz converges weakly, as z — » oo, which is well 
known to be equivalent to the regular variation at of the Laplace exponent 0, see e.g. [^ 
Theorem III. 2. We have so proved that (ii) implies (i). 

To finish, observe that if (i) holds with /5 = 0, it is clear that V = oo a.s. given that in this 
case U = 1 a.s. In the case where (i) holds with /? g]0, 1] the limit r.v. V has the same law 
as the random variable 2U/a{l — U), and an elementary calculation proves that V has the law 
described in Theorem [H D 

Remark 5. Observe that if in the previous proof we replace the function b by b'{x, a) = 
aeciog{i/a)^ for a > 0, c> -1 and < a; < 1, then 



Pi(x^+^X(x-°) >a) = P^(X(1) > b'{x,a)) = Pi ,^ . \ . '' >c + 



log(l/a;) log(l/x) 

and therefore the limit of the latter quantity does not depend on a, as x goes to + . That is 
for each c > — 1 we have the weak convergence of r.v. 

x^+"x(x-") -^ r(c), 

and Y{c) is an {0, oo}-valued random variable whose law is given by 

P(F(c) = oo) = P (^^ < U^ , P(F(c) = 0) = P (^^ > U 

Therefore, we can ensure that the asymptotic behaviour of X{t) is not of the order t°- for any 

a > 0, as t ^ oo. 



4 Proof of Theorem [2 

Assume that the Laplace exponent of ^ is not regularly varying at with a strictly positive 
index. Let h : M^ ^]0, oo[ be a slowly varying function such that h{t) ^ oo as t ^ oo, and 
define/(a;) = h{x~^), < x < 1. Assume that h, and so /, are such that 

log(xX(x-")) Law ^ , .. 

fix) ^^ ' ^ ' 

where V is an a.s. non-degenerated, finite and positive valued random variable. For c a 
continuity point of V let bc{x) = exp{c/(x)}, < x < 1. We have that 

V fix) J --0+ 

Arguing as in the proof of Theorem [1] it is proved that the latter convergence implies that 

,' log(W) ^ ^ .P(V>c). 

' log (l/x) - J x^0+ ^ ' 
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Using the identity in law (fTOl) and arguing as in equation (IT3l) it follows that the latter conver- 
gence implies that 

P{V >c)= lim P (^}2§(M^ > c 

_ li^ p ( Aog(6.(x)/x^) /^ ^ 21og(l/x) ^| ^ ^^ 
X-0+ Vlog(^c(a;)/x2) V f{x) 



where the last equality follows from the definition of b^. 

-^^ ^ 0, as t ^ oo, or equivale±±uij uiiuu .. s 



Now, assume that -^ip ^ 0, as t ^ oo, or equivalently that f, '^' — > 0, as x ^ + . It 



follows that 



P(V >c)= lim P ( A}2§(!^^MIf^ > 1 
^^0+ \\og{bc{x)/x^) 

= lim P ( ^ > 1 



(16) 



Observe that this equality holds for any c > point of continuity of V. Making c first tend to 
infinity and then to 0+, respectively, and using that l^ is a real valued r. v. it follows that 

P(^ = oo) = = lim P ( — > 1 1 = Viy > 0). 

z^oo y z J 

Which implies that V = a.s. which in turn is a contradiction to the fact that l^ is a non- 
degenerated random variable. 

In the case where -^^jJ- -^ oo, as t ^ oo, or equivalently f^ ^ oo, as a; ^ 0+, we will 

obtain a similar contradiction. Indeed, let Ic : M^ — > M^ be the function lc{x) = \og{bc{x) / x"^) , 
for X > 0, this function is strictly decreasing and so its inverse l~^ exists. Observe that by 
hypothesis \og{bc{x) / x"^) / f (x) = c-\ — °f(J ^ C)0 as x — ;► 0, thus z/ f {l~^{z)) — > oo as z — > oo. 
So, for any e > 0, it holds that / {l~^{z)) j z < e, for every z large enough. It follows from the 
first equality in equation (ITSl) that 

P{V >c)= lim P (^ \ > c 

> lim P I — - > ce 

z^oo y z 

for any c point of continuity of the distribution of V. So, by replacing c by c/e, making e tend 
to 0+, and using that V is finite a.s. it follows that 

^2 Law „ 
^ U. 

Z z^oo 

By the Dynkin Lamperti Theorem it follows that the Laplace exponent of the underlying sub- 
ordinator ^, is regularly varying at with index 1. Which is a contradiction to our assumption 
that the Laplace exponent of ^ is not regularly varying at with a strictly positive index. 
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5 Proof of Proposition [2 



We will start by proving that (i) is equivalent to 

rl<i>{\lt) 



(i') For any r > 0, ^^ — > ^r, with ^ a stable subordinator with 

at t^oo 

self-similarity parameter P whenever /? g]0, 1[, and in the case where P = 0, respectively 
/5 = 1, we have that ^^ = cxDl{e(i)<r}, respectively ^^ = r a.s. where e(l) denotes an 
exponential r.v. with parameter 1. 

Indeed, using the time reversal property for Levy processes we obtain the equality in law 

r-r/<t>(l/t) rr/<P{l/t) 

I exp{a^Jds = exp{a^r/^(i/i)} / exp{-a(^r/^(i/i) - ^^)}ds 

Jq Jo 

Law r/'t'i^/i) 

='^exp{a^,./<^(i/t)} / exp{-a^Jds. 

Jo 

Given that the r. v. f^ exp—a$,sds is finite P-a.s., see e.g. [T^, we deduce that 

rr/(j>{l/t) /"oo 

exp{— a^s}ds >• / exp{— a^s}ds < oo, P — a.s. 

*-"°° Jo 

These two facts, allow us to conclude that as t ^ oo, the r.v. log ij^ exp{a^s}dsj /at 

converge in law if and only if ^r/0(i/i)A does. It is well known that the latter convergence holds 
if and only if (p is regularly varying at with an index /3 G [0, 1]. In this case both sequences of 
r.v. converge weakly towards ^r-- 

Let ip be the inverse of (p. Assume that (i), and so (i'), hold. To prove that (ii) holds we will 
use the following equalities valid for P g]0, 1], for any x > 

P ( (<i) ^ < s j = P (a^i > x-^l<^ 

= P (^at > l) 

/ / rx/<t>{l/t) \ 

= lim P I log / exp{a^s}ds > t 

*-- \ \Jo J , 

f /■' \ (18) 

= lim P I / exp {a^s} ds > exp{l/(y9(a;//)} 

=ii-p(^Ki^j) >-^^) 

= lim Pi ( X > ( ^-^ ) I X7"ds 

u^co \ \\og[u)J Jo 

where the second equality is a consequence of the fact that ^ is self-similar with index 1//5. 
So, using the well known fact that ^i follows a Mittag-Leffler law of parameter /?, it follows 

16 



therefrom that (i') implies (ii). Now, to prove that if (ii) holds then (i') does, simply use the 
previous equalities read from right to left. So, it remains to prove the equivalence between (i) 
and (ii) in the case /3 = 0. In this case we replace the first two equalities in equation fITSll by 

P(e(l) < a;) = PK. > 1), 

and simply repeat the arguments above. 

Given that the Mittag-Leffler distribution is completely determined by its entire moments 
the fact that (iii) implies (ii) is a simple consequence of the method of moments. Now we 
will prove that (i) implies (iii). Let n G N. To prove the convergence of the n-th moment 

of (f) i j^^ ] Jg X~"ds to that of a multiple of a Mittag-Leffler r.v. we will use the following 

identity, for x,c> 0, 

ft \ n 



IE, ffcj X^'^ds) ] =E((cr(tx-°))") 



fOO 



c" / ny"-^P(r(ta;-") > y)dy 

/■oo (19) 

/ ny^-^V{r{tx-'^)>ylc)dy 
Jo 

/oo / i^y/c \ 

ny""-^ P I log(tx-°) > a^y/c + log / exp{-a^Jds j dy, 



where in the last equality we have used the time reversal property for Levy processes. By 

Law 

. log(t) j t—tOO 



hypothesis, we know that for y > 0, (log(t)) ^i ixi_i_\ > ^y, and therefore 



P I log(tx ") > aiyi^(^_i_^ + log / exp{-a^,}ds 

~ P(l > a^y) as t ^ oo. 

The claimed convergence will be then deduced from the identity in flTOll and the dominated 
convergence theorem. To justify the use of the dominated convergence theorem observe that 
for any t,y > such that y > 0(l/log(t)) we have 

log / e-"^'ds > log / e-"^Ms > -<i, 

Jo Jo 

and as a consequence 

f 4>(i/los(t)) _ t 1 ,. _ , X -I 

log(te ) > a^y/^(i/iog{t)) + log / e '^Ms ^ C |log(te ) > a {^y/4,(i/\ogit)) - 6)| • 
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Using this, the fact that C?y/</)(i/ log(i)) ~^i has the same law as ^ a i and Markov's inequahty 
it follows that the right most term in equation (IT9l ) is bounded by above by 



(0(1/ log(t)))" + / ny""! P flog(tx-") > cyf y Q Ay 



< 1/logt +/ ny expi } dy 

< (0(l/log(t))r + n2"--M(M^ + 2"-r(n + l) ^ '^^VMt)) 



0(a/log(tx-")) ^ ^ V0("/log(^3;-")) 

The regular variation of (j) implies that the most right hand term in this equation is uniformly 
bounded for large t. 

Therefore, we conclude that 

r<00 



/(,°°ny"-ip(e(l) >i/)di/, 
/o°°ni/"-ip(l>ayV/3^i)dy, 

n!, if/? = 0, 

E((«-^er^)"), if/?e]0,i], 



for any x > 0. We have so proved that (i) implies (iii) and thus finished the proof of Proposition 

El 



Proof of CorollaryUi Observe that by Fubinni's theorem lEi IJ^ X^ "ds j = f^ lEi (X^ ") ds, 

and that the function t i-^ lEi(X^"") is non-increasing. So, by (iii) in Proposition [2] it follows 
that 

lEi (X7") ds i — -, ^, t -^ oo. 

«'r(i + /?)0(i4j) 

Then, the monotone density theorem for regularly varying functions (Theorem 1.7.2 in |11]) 
implies that 

El (Xr) = o ( ^ . . I , t - oo. 

Besides, given that lEi (Xj~") = E(e~*^'*), for every t > 0, we can apply Karamata's Tauberian 
Theorem (Theorem 1.7.1' in |11) ) to obtain the estimate 



P{R^ <s)=o\ -^ ^ , s -^ + 

."'r(l+/3)0(i^ 
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Besides, applying Fubinni's theorem and making a change of variables of the form u = sR(j,/t 
we obtain the identity 



f lEi(X7°)ds = f E(e-*^^)ds 
Jo Jo 



E ( — / e-*Mn 



'<^ ^0 



1 



tj dMe-*"E(^l|fi^>„}— 1, t>0. 



So using Proposition [2] and Karamata's Tauberian Theorem we deduce that 

rJ af^T{l + (3)4>{l/\og{l/s)) 



E| l{R,>s}— 1 - .^.. . ^ , s-^0 + . 



The proof of the second assertion follows from the fact that J<^ has the same law as a ^Rg 
where 9{\) = A/0(A), A > 0, for a proof of this fact see the final Remark in [9]. D 



6 Proof of Theorem [3 

The proof of the first assertion in Theorem [3] uses a well known law of iterated logarithm 
for subordinators, see e.g. Chapter III in [3]. Whilst, the second assertion in Theorem [3] is 
reminiscent of, and its proof is based on, a result for subordinators that appears in [2]. But to 
use those results we need three auxiliary Lemmas. The first of them is rather elementary. 

Lemma 4. For every c > 0, and for every f : M^ —>■ M'^, the a.s. equality of sets holds: 

A := {^t{s) < clog(s), i.o. s ^ oo} = {^^ < clog(Cs), i.o. s ^ oo} := A2, 

Si := {ir{s) > f (log(s)) , i.o. s -^ 00} = {^s> f (log(C,)) , i.o. s -^ 00} := B2. 

Proof. We just prove the first equality, the second is proved using a similar argument. Let 
u E Ai and (s„,?2 > 1) be any increasing sequence of reals, we claim that there exists a 
subsequence (s„j., k > 1) such that C,s„ (u;) < clog(Cs„ (a;)) for all k large enough. In that case 
we will have that u E A2 owing to (s„, n > 1) is an arbitrary sequence. Indeed, let r„ := Cs„(a;), 
n > 1 given that a; G .4i we know that there exists a subsequence (r„j., k > 1) such that 

^r{r„,)(^) < Cl0g(r„j, 

for every k large enough. It follows that the subsequence Sn^ = r(r„j,)(to') does the required 
work. Now the inclusion A2 ^ Ai is proved via the same argument. D 

Lemma 5. Under the assumptions of TheoremlE we have the following estimates of the func- 
tional log (Ci) as t ^ 00, 

liniinfi^^^^ = «/?(l-/5)(^-^)/^:=«Cfl, P -a.s. (20) 

i^oo g[t) 
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and 



Proof. Observe that 



,. log jCt) 
lim sup 

t-*oo C,t 



a, a.s. 



(21) 



iog(a)<iog(t) + «6, vt>o, 



so 



itataf!^iM<„,„„jr!^ + ^ 



acfs, 



P —a.s. 



i^oo g{t) t^oo \ g{t) g{t) 

because (? is a function that is regularly varying at infinity with an index < 1//3. For every 
uj ^ B := {liminft^oo 4fy = C/j} and every e > there exists a t(e, cu) such that 



Therefore, 



6(c^) > (1 -e)c;3fi'(s), s>t{e,uj). 



I exp{a^s}ds > / exp{(l — e)ac/35'(s)}ds, Vt > t(e, 

Jo Jt(e,uj) 



UJ 



and by Theorem 4.2.10 in [TT] we can ensure that 



log (J!(^,^^) exp{(l - e)acf3g{s)}ds] 

im -^ '■ — = 1. 

(1 - e)acpg{t) 



lim 

t— >oo 



This implies that for every u E B and e > 

log(a(u;)) 



lim inf 



git) 



> (1 -e)acp. 



Thus, by making e — >^ 0+ we obtain that for every oj E B 

. , iog(aM) 

which finish the proof of the first claim because P {B) = 1. 

We will now proof the second claim. Indeed, as before we have that 



owing to the fact 



log(a) log(t)+a6 . 
lim sup < iimsup = 1, 



6 



cl.S. , 



lim — = E(^i) = oo, a.s. 

t^oo t 



Besides, it is easy to verify that for every uj E B 



. iog(a)K . 

acp = lim mi — < 



and therefore that 



9{t) 

a < lim sup 



lim inf 



t^oo g{t) _ 

log (a) 



This finishes the proof of the a.s. estimate in equation ( [2T] ). 



lim sup 

t~*oo 



a. s. 



iog(a(^)) 

6 



n 
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Using the Lemma[4]and the estimate (l2Tl) the first assertion in Theorem[3]is straightforward. 
To prove the second assertion in Theorem [3] we will furthermore need the following technical 
result. 

Lemma 6. Under the assumptions of (ii) in Theorem [3 for any increasing function f with 
positive increase we have that 



0(l//((7(t)))dt<oo 



0(l//(c(7(t)))dt<oo, OO. 



(22) 



Proof. Our argument is based on the fact that 4> and g are functions of regular variation at 0, 
and cxD, respectively, with index [3 and 1/(3, respectively, and on the fact that / has positive 
increase. Under the latter assumption we can assume that there is a constant constant M > 



such that M < liminf^ 
for g and 0. 



1 
- < 

2 - 



. Thus for all t, s large enough we have the following estimates 

g{tcP) ^^ 1 0(M/s) 



<2, 



1 
- < 

2 



< 2. 



cg{t) -"' 2 - M/30(l/s) 

Assume that the integral in the left side of the equation (l22l) is finite. It implies that the integral 

/°° {l/f{g{cH))) dt < OO, and so that 



OO > 



> 



> 



> 



{l/f{g{cH))) dt 

0(l//(2c^(t)))dt 

' J f(^9{t)) 1 
'^\f{2cg{t))f{cg{t)) 
1 



dt 



M 



f{cg{t)) 



dt 






M 



1 



/{C9(t)) 



M/50 



1 



> 



f{c9(t)) 
1 



/(c^(i)) 



dt 



f{cg(t)) 



dt, 



where to get the second inequality we used that / and are increasing and the estimate of g, 
in the fourth we used the fact that / has positive increase and in the sixth inequality we used 
the estimate of 0. To prove that if the integral on the left side of equation (l22ll is not finite 
then that the one in the right is not finite either, we use that limsupg^^^^ 7W2y ^ M~^ , and the 
estimates provided above for g and 0, respectively. We omit the details. D 



Now we have all the elements to prove the second claim of Theorem [3l 

Proof of Theorem\^b. The proof of this result is based on Lemma 4 in |2| concerning the rate 
of growth of subordinators when the Laplace exponent is regularly varying at 0. Let / be a 
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function such that the hypothesis in (b) in Theorem [3] is satisfied and the integral in ([6]) is 
finite. A consequence of Lemma [6] is that 

(t>{l/f{acpg{t)))dt<oo. 

On the one hand, according to the Lemma 4 in |[2j we have that 

Hmsup— = 0, P — a.s. 

t^oo f{aci3g{t)) 

Let f2i be the set of paths for which the latter estimate and the one in (1201) hold. It is clear 
that P (fli) = 1. On the other hand, for every u E fii there exists a to{u, 1/2) such that 



acp9{s)/2 < log {Cs{uj)) , Vs > to{uj, 1/2), 

7W2y 



with C/3 as in the proof of LemmaO Which together with the fact limsup^^oo mm ^ ^^ implies 
that for LO E Qi, 



lim suD ^ lim suD -— 0. 

<,_oo f(\og{Cs{uj))) ~ ,^oo f{acf3g{s)) f {aC(3g{s)/2) 

In this way we have proved that 

lim sup-— — ^— — = 0, P-a.s. (23) 

Now, let / be a function such that the integral in ([6]) is not finite. As before applying the 
Lemma [6] and the integral test in Lemma 4 in [2] we can ensure that 

lim sup— 7 = oo, P — a.s. 

t^oo f{acpg{t)) 

Denote by fl2 the set of paths for which the latter estimate and the one in (1201 ) hold. Let 

{sn,n G N) be a sequence of positive real numbers such that s„ — *> oo as n — ^ oo. For u E Q2 
there exists a subsequence (s„^, fc G N) such that 

hm — — = 00. 

fc-00 f[acpg{Snj) 

Furthermore, there exists a subsequence of (s^^.. A; G N), say (s„j.. A; G N), for which 

log(C^„J<2«c^^(?„J, \/ken. 

The former and latter assertions imply that for uj EVL2 

lini 5!->^ > lim ^""^^^^ /(«c,^(gnJ) ^ ^ 

fc-00 / (log [Cs^^ {uj))) fc-00 f{acfig{sn^)) f (2ac^c/(s„J) 

We deduce therefrom that 

lim sup-— — ^—— = 00, P-a.s. (24) 

t^oo /(log(CJ) 

Therefore, using the estimates in (l23l l and f l24l) together with Lemma [4] we conclude the proof. 

D 
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7 On regularly varying splitting measures 

To the best of our knowledge in the literature about self-similar fragmentation theory there 
is no example of self-similar fragmentation process whose dislocation measure is such that the 
hypothesis about the function $ in Corollary [2] is satisfied. In this section we will extend a 
model studied by Brennan and Durrett [12], [I3] to provide an example of such a fragmentation 
process. Next, we will provide a necessary condition for a dislocation measure to be such that 
the hypothesis of Corollary [2] is satisfied. 

Example 1. In [l2l[T3] Brennan & Durrett studied a model that represents the evolution of a 
particle system in which a particle of size x waits an exponential time of parameter x", for some 
a > 0, and then undergoes a binary splitting into a left particle of size Ux and a right particle 
of size {1 — U)x. It is assumed that f/ is a random variable that takes values in [0, 1], with a fixed 
distribution and whose law is independent of the past of the system. Assume that the particle 
system starts with a sole particle of size 1 and that we observe the size of the left-most particle 
and write It for its length at time t > 0. It is known that the process X := {Xt = 1/lt, t > 0} is 
an increasing self-similar Markov process with self-similarity index 1/a, starting at 1, see e.g. 
[T2l [T3] or [8]. It follows from the construction that the subordinator ^ associated to X via 
Lamperti's transformation is a compound Poisson process with Levy measure the distribution 
of — \og{U). That is, the Laplace exponent of ^ has the form 

0(A) = IE (1 - f/^) , A > 0. 

In this case the Laplace exponent is regularly varying at zero with an index /? g]0, 1[ if and 
only if X I— i> P(— log(f/) > x) is regularly varying at infinity with index —j3. In particular the 
mean of — log{U) is not finite. If so, we have that 

- log(^t) Law^ y 1 

log(t) t^oo a 

where \^ is a r.v. whose law is described in Theorem [H Observe that the limit law de- 
pends only on the index of self-similarity and that one of regular variation of the right tail of 
— \og{U) and not directly on the path of the underlying Levy process. Whilst in the case where 
IE(— log([/)) < cxD, it has been proved in [III [13] and [8] that It decreases as a power function 
of order —a, and the weak limit of t"/i as t ^ cxd is 1/Z, where Z is the r.v. whose law is 
described in ([2|) and ([3]); so the limit law depends on the whole trajectory of the underlying 
subordinator. Besides, the first part of Theorem [3] implies that 



,. log(/*) , , 

limsup - — -— = — 1/a, a.s. 
t^oo log(t) 



The liminf can be studied using the second part of Theorem [3l Furthermore, the results 
in Corollary [2] establish the convergence in probability of the empirical measure ^pt-,t > 0} 
associated to the fragmentation process that arises in this model. 

It is known, see [5] equation (8), that in general the splitting measure, say z/, of a self-similar 
fragmentation process is related to the Levy measure, say 11, of the subordinator associated via 
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Lamperti's transformation to the process of the tagged fragment, through the formula 

n]x, 00[= / I ^Sil{s,<exp(-x)} j ^{ds), X>0. 

So the hypothesis of Corollary [2] is satisfied with an index P G]0, 1[ whenever u is such that 

• the function x i-^ J^| (^^ Sil^Si<exp{-x)}) ^^(ds), x > 0, is regularly varying at infinity with 
an index — /3. 

In the particular case where u is binary, that is when ^{3 G 5^ : S3 > 0} = 0, the latter 
condition is equivalent to the condition 

• the function x h-^ J^ ^ yi^{s2 G dy) = J^_^^ (-x)^'^ " -^)'^('^i ^ dz\ x > 0, is regularly 
varying at infinity with an index — /?, 

given that in this case S\ is always > 1/2, and z/{si + S2 7^ 1} = 0, by hypothesis. 

8 Final comments 

Lamperti's transformation tells us that under Pi the process (Jg X~"ds, log(X(t)), t > 0) has 
the same law as (r(t),^,-(i)), i^ > 0) under P. So, our results can be viewed as a study of how 
the time change r modifies the asymptotic behaviour of the subordinator ^. Thus, it may be 
interesting to compare our results with those known for subordinators in the case where the 
associated Laplace exponent is regularly varying at 0. 

On the one hand, we used before that the regular variation of the Laplace exponent at 
with an index /? g]0, 1], is equivalent to the convergence in distribution of V5(l/t)6 as t — *> 00, to 
a real valued r.v., with y? the right-continuous inverse of 0. On the other hand. Theorem [1] tells 
us that the former is equivalent to the convergence in distribution of ^T-(4)/log(t), as t — > cxd, to 
a real valued random variable. Moreover, under the assumption of regular variation of with 
an index /3 g]0, 1], we have that lim^^oo V^(l/^) log(^) = 0. Thus we can conclude that the effect 
of r(t) on ^ is to slow down its rate of growth, which is rather normal given that r(t) < t, 
for all t > 0, P-a.s. Theorem [T] tells us the exact rate of growth of ^t-, in the sense of weak 
convergence. Furthermore, these facts suggest that V9(l/r(t)) and log(t) should have the same 
order, which is confirmed by Proposition [2l Indeed, using the regular variation of ^ and the 
estimate in (ii) in Proposition [2] we deduce the following estimates in distribution 



^(l/r(t)) log(t) ~ v^(l/r(t))/v9(0(l/log(t))) ~ {a-^Wy^'^ , as t 



00, 



where W follows a Mittag-Lefiler law of parameter /?. Observe also that if /? g]0, 1[, r(t) 
bears the same asymptotic behaviour as the first passage time for e"^, above t, i^iog{t)/a = 
inf{s > 0,e"^= > t\. Indeed, it is known that under the present assumptions the process 
{^^V</'(iA) ' ^ — *-*} converges, in Skorohod's topology, as t ^ 00, towards a stable subordinator 
of parameter /3, say {^j, t > 0}. This implies that (j){l/s)Ls converges weakly to the first passage 
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time above the level 1 for ^, and the latter follows a Mittag-Leffler law of parameter /? g]0, 1[. 
Which plainly justifies our assertion owing to Proposition[2]and the fact that 0(1/ log{t))Liog[t)/a 
converges weakly towards a r.v. a~^W , where W follows a Mittag-Leffler law of parameter /?. 

Besides, we can obtain further information about the rate of growth of ^ when evaluated 
in stopping times of the form r. It is known that if the is regularly varying with an index 
/? g]0, 1[, then 

liminf4^=/3(l-/5)(^-^)/^, P-a.s., 
t^oo g[t) 

where the function g is defined in Theorem [3l While the just cited Theorem states that 

lim inf . "^ , , = — , P — a.s. 



log(t) a 



These together with the fact that limj^oo ■^^- = 0, confirms that the rate of growth of ^r{-) 
is slower than that of ^, but this time using a.s. convergence. The long time behaviour of 
\og{t)/ girit)) is studied in the Proof of Theorem [3l The results on the upper envelop of ^ and 
that of ^r can be discussed in a similar way. We omit the details. 
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